Re-synthess

Re- jyn'l’hPSzS based Ap‘lz’mfzqh’ons take Par'f' of q

(or a Wholp) (‘If("d"") ond s,m‘hef,'z( o new one fTron

Somée rpp/e$pn+a+,o,, ol /+.
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Th goreral, don*twent to use matri X fP,D/e$°ﬂ7‘a+m3
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ECfective re-Synthesis methods M’llll/ involve som e
pLEiriontly computable representation of o Class of
circuits, fogether with opf—mq/ o~ heut istic Synthes/'s

€or at rep reSNtotion.

Ex.

The CNoT 3a+€ mploments a lrnear €unction onZ
clor = q”nxo
o102 = (02102 M M E:]EOJ [gj [-:JEOJ DJ

cNOT 102117 =tor ()
CNOT 1 12(0) 11211 C.][l] "[7_] [- 03['3 -[91

CNOT LiD11> =1172107



R pprespn f’q'hbn of C (V OT cireyl/dS

Recall that the 94/10/4/ linear group GL(,\,F)
consists of +he nxn invertlblo matrices ovey F

Prop.

et C Le acircart over §CNOTY, They
(Cigy =14 Y2 e Z°
where AféL(”qZ&)
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Note that

( CNOT row o’bp/a‘f'/ons)
OVP/ Z 9 ‘the on /y non-+riviel row o)oP/d'/'on.s Qe
RyIR; 7R, L R; SRy (add &Swap
TAp_sp (‘arrPS‘poﬂc' to

CNOT;; =y &5 WAP., = CNor; Cwor;, CNoT .5 = T,



Sym‘hesis of CNoT cirveuits
_2(_0_2-_ elFiclently

Any matrix A EGL(n,Zz) o o€ gathesized
as @ cirenrt 0 € at most O(n%) CNOT gates

PE_

Use Gaussian @limination to cCompite & Spguerce of
O(n®) row ops R, RLA=T. Then A=R, R, whee
farh row aperah'on 5 | or 3 CNOT gates.

!E.X. ; I 0o
Syathesize Uik = LARY where A= 'éi?
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Opling|* CNOT- synt hesis

( Patel - Markoy - Hayes , arX:quant - ph /0302002)

Patel, Mar kov g Hayes in Q003 deovisod an algorithm

whirh produces cir CurlS with O(q"/loy ~) Cwat
gates. Given that a gimple counting areument

S bows that thero Oxist A € GLIn\Zg) whirh

qu,w"C ﬂ(n"/logn) 9@#(51 +his IS GS}'MP‘IO‘I‘/(V/I}I
op-l / mal . Tnr prarh’rP H\ough., pe/ Formqn(-p leaves

much +o be desired...

PMH algorithm

[+ Divide into grovp3 0F Kk (~100%%) Colupmns

2. For €aCh column grovp
3. Add eny rows Wwhich are identical on these colums

Y. Peorform regvlar Goussian €l m/natron on +rose columns

Ex. .
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We want ‘o synthesize
l
] [

o

gg R‘I"Rfm“ ; I

same ] te | — Jo

sldD| e oo

Now per form Gaussian eliminaetion on €irsi & columss
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The resyl4 uses 3 CNOT gates, vS { wiHh
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/4 F£inp P Prmutgtions

/\’no‘/hﬂf Cless of fermu*la‘h'ons which can
be P'PF:‘(‘ I'P/'Hy repfesen-}ed are affine PP:mU'l‘a}ionS.

(th‘PVal AE€Eine 9/oup)
The 9€nera‘ affine oroup GA(r. Z. )"'GL(A.,Z_,)kZ
consists of 4he invertible a€ine + rans€ormat jons over Z '

T hai ) S, for A € GL(n ZQ) bfZQ., 1 hen
(A.,b)FGA(h,,ZQ)

(A.5D3=A3+16 Yxezs

tact
§CNOT, X} generates GA(n, Z,)

To see why,, i+ suffices to note that £
VI27 = 1A% +57 , (A5 € GA(n,2Z)
Thea we can €actorize as U=, Upyy where
Uewor ' X2 =1 AZY
P 12>=12+8>

Since AEGL (ra25), ”vr on be implemented using
oaly CNOT gees, /"omow’r,
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O ther conSiderations
O €+en when r?'j’;h'f’hc’i'iz/n’ A the inpu-l- Stateo lves in
Somé# Subsf;.('p ve th dup 1o ancillas, Kroning V olus
oxtra fre@lom in synthesizing A. For example,

9 a0ced :
b ﬁ LbOCOJ P R
c Ec S A=]oci00o
d o 0n %1 0
0000
q COd

Synthosizing A gives 4 CNOT g ates, bat knwing

theld the 5" gubit+ starts in +he c@d statesiveS a
goldh'of' with Q cNot gates. T, 9pr\oml., we waht

AEGLZD st AA A,

For Ao, A, NXxm matrCP3 gVing the input and oyt put, resp
Using @ pseudein verse A3 weé can syntheSize

A=A ASE GL (~, Z2)



